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dimensional cases difficult and in some cases impossible by other
methods.

An additional advantage is that the procedure works as well
in the multidimensional case, including nonlinear terms, which
are then written as sums of the appropriate Adomian
polynomials as discussed in Ref. 1. The procedure is also easily
extended to V2u =f(x,y,z) + ku or even V2u + Nu =f(x,y,z) +
ku where Nu is an analytic term.
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Introduction

I N 1952 Whitham1 presented a nonlinear analysis accurate
to first-order for determination of the complete supersonic

flowfield around slender and smooth bodies of revolution,
and this analysis has been used extensively to obtain flowfields
about supersonic projectiles, missiles, and aircraft. At the
center of this analysis is his F-function

F(y)=-
1

27T JO

A"(x) dx (1)

where A (x) defines the cross-sectional area of the body with
axial distance x measured from the body nose, and A " (x) is
its double derivative. Whitham's variable y defines the origin
of a characteristic curve emanating from the body surface, by
being equal to x—ftr at the surface, where /3= (M2^ —1)1 /2 .
Physically, this is the axial distance from the body nose to a
point at which a characteristic curve, when extended backward
from the surface, intersects the x axis. For more complex
bodies such as aircraft, A (x) may be considered as an effec-
tive cross-sectional area that includes lift and other effects.

In using Whitham's analysis, it is obvious that much of the
work is centered on determining F(y) by integration. If the
cross-sectional area of the body is an extremely simple func-
tion of distance, then F(y) may be obtained by analytic in-
tegration. The shapes of real projectiles, missiles, and aircraft,
however, are normally too complicated for analytic integra-
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tions, and one must resort to a numerical integration
procedure.

Carlson2 developed a numerical integration procedure that
has been used since the 1960s. In this method the body is
subdivided into many segments of equal or unequal lengths.
The area variations of these segments are modeled as a series
of piecewise, continuous, parabolic arcs. In this case, A " (x)
is a constant for each segment, and the piecewise analytic in-
tegrations to obtain F(y) can be done easily, constituting the
major advantage of this method.

A variation of Carlson's scheme was introduced by Igoe,3

primarily to improve accuracy of the numerical integration.
Igoe's procedure uses more accurate second derivatives than
Carlson's method. They are obtained from central-difference
formulas of finite-difference techniques, which are based on
early mathematical work of Richardson.4 Although this
method is more accurate than Carlson's, it is more difficult
to use and also requires that the body be subdivided into
numerous short segments of equal size. Furthermore,
Richardson's extrapolation technique must be used with cau-
tion to avoid numerical difficulties for very short segments.

This paper presents an accurate and efficient numerical
method for evaluating F ( y ) . It is as accurate as Igoe's
method, presents no computational difficulties, and reveals
physical insight on how particular body shape features con-
tribute to the F(y). It is more difficult, however, to program
in computers than either Carlson's or Igoe's methods.

Numerical Evaluation of F(y)
The body is subdivided into a series of segments, normally

of unequal lengths, so that any simple-shaped section of ar-
bitrary length can be included efficiently as a single segment.
Furthermore, a segment may arbitrarily be made short to
closely model a particular, complex part of the body shape,
without forcing a subdivision of other segments, as il-
lustrated in Fig. la. These modeling features can markedly
reduce the total number of body segments compared to the
methods of Carlson2 and Igoe.3 In the present work the /th
segment of a body has a radius given by

which is a polynomial curve with a finite number of terms
(HI normally less than 5). The sequence of polynomial
segments representing the entire body shape is usually piece-
wise continuous in position and slope at the junctions be-
tween segments. For the /th segment this defines the coeffi-
cients aitj for 0<j<rii, and for convenience the coefficients
Of,- for ni<j<2ni are set equal to zero.

R(x)
\ J —^

F(y)

Fig. 1 Body shape defined by m piecewise polynomial segments (a)
and the contribution of the /th body segment to the ^-function (b).
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From the previous polynomial form of R j ( x ) , one can
show that the body area

where the coefficients

j
= LJ <*i,kau-k

and

where

2nt-2

7 = 0

7 + 2

£ = 0

(2)

(3)

(4)

(5)

This illustrates that polynomial curves fitted to the body
shape R(x) also result in polynomial representations of body
area A (x) and its derivatives, although the degree of these
polynomials is different. For a polynomial curve-fit to Rt (x)
of degree nh the degree of the polynomial for A" (x) is
2/i;-2.

The integral for the /th body segment and /th part of the
F-function, denoted as F/00, may be integrated analytically,
because A" (x) is a simple polynomial. This integration may
be done systematically by parts, where the term with y-x is
integrated and the polynomial is differentiated. By continu-
ing this integration by parts until the polynomial parts have
been eliminated, and then inserting the integration limits, the
solution for Ff(y) can be obtained. When all Ff(y) have
been determined in this manner, the total solution is

(6)

(7)

-fi(y,yi)ff[y-yi}
for all m segments where

2w/-2 ^

y/(j ;^)= S <y!(z)[y-z]J+Vl

G,(x) ~ A;' (x) = [R,r
2-7T

,' (x) (8)

(9)

and H{ } is Heaviside's unit step function.
From this solution for F(y) one can clearly see that the

contribution of any segment may be isolated, in analytical
form if necessary. If this is done, it is evident that the /th
contribution of F(y) from Ff(y) has two distinct parts ac-
cording to Eqs. (6) and (7) (illustrated in Fig. Ib). The first
part usually increases (or decreases) from zero to a final
value during the interval j> /_ i <;><>>/, and the second part
always decays from this final value back to zero for y>yi.
This decaying part is called the tail.

Although the previous solution for F(y) is elegant and
useful, computer evaluations of the tail of Ff(y) for y>yf
lead to numerical difficulties, because the continuously
decaying tail involves the subtraction of two diverging func-
tions whose difference slowly approaches zero with in-
creasing y. For example, if «/ = 1 so that A" (x) is constant,
the tail function is then given by (2A"/*) [ ( y - y i ) l / 2

-(y-yi-\Y2} for y>yt- Tms problem is more acute for
higher-order polynomials, shorter segments, and computers
having fewer significant digits.

To eliminate this difficulty and to make the method useful
in general, the following procedure is used. The tail of Ft(y)
is given by fi(y,yi-i)-fi(y,yi) from Eq. (6) (for y^y^. In
the last term fl (y,yl,) a factor given by b>—.y/]y '+ I / 2 [Eq. (7)]
may be rearranged to have the form

where

Since 77 always has values in the range from 0 to 1 for y>yi9
the term [1 -rj]j+l/z may be expanded by using the binomial
theorem. Each expansion has an infinite number of terms,
but there are only 2nf - 1 of these expansions — one for each
term in the series of A" ( x ) . The next step is to regroup all
terms of the difference// 0>,.y/_ i ) -// (y,yj ) to form a descend-
ing series in terms of the powers of rj.

Each term of these 2nt - 1 series contains a mix of
GJ

i(yi_l) and Gi
i(yi) or simply Gj

i(yi) as a factor. However,
G/(.y/_i) and G/OJ/) and their derivatives are immediately
related. For example, if nf = 2 then the polynomial equation
for GI (y) may be expressed as

GtW+G,' (y,) [y-y,]

and this at length leads to

- G{ (yt ) [y, -y,_ , ]

' (yt) [y-yi]

[y, -y^ l

and

With these relationships one may show that all terms from
fi&i-i) in the expanded tail function fi(yi-l)-fi(yi) will
cancel from the 2^-1 series. This cancellation also results
in disappearance of all terms involving 77 with negative
powers, as required for a convergence series to be well
behaved. Although this cancellation and rearrangement pro-
cess is extremely tedious, the final results for F t ( y ) for the
tail (y>yt) may be summarized as

2/1,—2

Fi(y)= I) (-^GJ
i(yi)(yi-yi-ly+y2T(jf7j) (10)

7 = 0

where

(ID
In this form the remainder of the 2nt -1 infinite series ap-
pears as a family of generalized functions denoted by T(jf^).
These infinite series have good convergence properties and
are therefore well behaved computationally.

This completes the solution for evaluating the integral of
Eq. (1) to get F(y). For each Ff(y) one uses Eqs. (6-9) for
the range yi_l<y<yi9 and Eqs. (8-11) for the range 'y>y f .
These equations will be well behaved computationally for
bodies' shapes modeled with equal or unequal segments of
arbitrary length. The function T(J,T)) can be calculated each
time they are needed in a computer program, because the
computations require very little CPU time. They can also be
computed just once and replaced by suitable curve fits since
they are independent of the body shape. The first five nor-
malized T(j,ri) functions are shown in Fig. 2.

Numerical Results
Figure 3 depicts a hypothetical body with a simple slender

and smooth shape, the body radius R(x) and the resulting
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Fig. 2 First five normalized functions of T(J,TI).

0 . 1 r

0.0

a) R(x) (m)

R(x) = 26[x -x2]

x (m)

b) A"(x)
0.50

0.00 k /I
^^^^^ 1 x (m) 2

c) F(y)
0.06

0.00

-0 .06

Fig. 3 R(x), A "(x) and F(y) for a parabolic-arc-shaped body.

A" (x) and F(y) with the body length of 1 m and a
thickness ratio 5 = 0.1875. When this body is subdivided into
15 segments of equal length the resulting F-functions for the
individual segments from the previous analysis are shown in
Fig. 4. The complete F-function in Fig. 3c will be obtained
when these functions are summed.

The final example is a military projectile with a nominal
diameter of 7.6 cm and length of 41 cm. The projectile has
an ogival nose with conical mid-nose section followed by a
rounded shoulder to the main cylindrical body, as shown by
the body radius R(x) in Fig. 5a. The rear of the cylinder has
a slight boat-tail followed by a flat base (vertical dashed
line). The inverted cone attached to the base (after the
dashed line) is the wake being modeled as a solid afterbody.

y (m)
Fig. 4 15 F-functions from equal length segments of a parabolic-
arc-shaped body, which will give F(y) in the previous figure when
added.
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Fig. 5 R(x), A
l cm).

' (x) and F(y) for a free-flight projectile (D = 7.6 cm,

Barely noticeable in R (x) are two small bumps or ridges and
a shallow groove located at distances of 22, 29, and 36 cm
from the nose. Each has a curved front and back and differs
by about 2% from the nominal body radius. Note that such
bumps on actual projectiles are often the driving bands that
help center the projectile in the barrel and provide a seal to
minimize leakage of propellant gases past the projectile.
Although these bumps are barely noticeable in the profile of
R (x), their high curvature is pronounced in A " (x) given in
Fig. 5b. The peaks of some of these spikes reach values of
±8 and have been clipped to save space.

This body was subdivided into 16 unequal length segments
to obtain the F-function shown in Fig. 5c. For example, the
nose front consists of three segments, the bumps and boat-
tailed rear each have two, and the groove consists of three
segments because the central part is of constant area. All
other segments are of constant area and therefore do not
contribute to F(y). Because of the high local body curvature
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Fig. 6 Individual F-functions from unequal length segments for a
free-flight projectile (D = 1.6 cm, L = 4l cm).

at the bumps and groove, F(y) is spiky, characteristic of ac-
tual projectiles.

The F-functions from individual segments are depicted in
Fig. 6. For clarity about half of them are shown at the top
and the others appear at the bottom. The contributions from
the bumps and groove are interesting. The front of a bump
produces a short N-shaped contribution and the rear pro-
duces an inverted N-shaped addition. These occur in reverse
order for a groove. Such individual contributions are not so
apparent in the full F(y) of Fig. 5c.
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Introduction
N a recent article1 that various plate theories (including his

. own notable contributions) concerning the Poisson-
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Kirchhoff boundary conditions paradox, Reissner remarked
that the problem of modifying Kirchhoff s approximations of
the displacements for an improved sixth-order plate theory has
not been completely resolved. He expected that a sixth-order
differential equation governing the deflection wQ(x,y) might
be of the form Dv2 V2w0-CV2 V2 V2w0 = #, with some
suitable factor function C. However, no way of finding this
equation has been offered until now. In the present work, it is
shown that the key to deriving such an equation lies in
Reissner's aforementioned remark, with only one slight altera-
tion. Instead of displacements, we direct our attention to the
problem of modifying Kirchhoff 's assumptions with regard to
transverse normal and shear strains.

An iterative scheme is presented here through which an
assumed state of transverse normal and shear strains can be
transformed into a new state by integration of strain-
displacement relations and equilibrium equations. Starting
with Kirchhoff's assumptions, the iterative process is carried
out to develop expressions for displacements and stresses. In
the limit, each of these expressions is in the form of an in-
finite series in which each term is a product of a known
function of thickness coordinate z and a differential expres-
sion involving mid-plane deflection wQ(x,y). The expressions
thus obtained for displacements and stresses satisfy all field
equations for arbitrary function w0(x,y). By taking the first
two terms in the series for normal stress oz and satisfying the
surface load condition, it is shown that the plate behavior is
governed by a sixth-order differential equation involving

It is indeed, in the form as expected by Reissner.

Analysis
For simplicity in presentation, a rectilinear domain

0<x<#, Q<y<b, and -#<z< +/z with reference to Carte-
sian coordinate system x,y,z is considered. The thickness 2h
of the plate is small compared to its lateral dimensions 0 and
b. The material of the plate is homogeneous and isotropic
with elastic constants E (Young's modulus), v (Poisson's
ratio), and G (modulus of rigidity) that are related to each
other by E=2(\+v)G.

The plate is subjected to asymmetric load q(x,y) along top
and bottom surfaces (z= =t/z). We assume that the boundary
conditions along the edges are prescribed so that the in-plane
displacements (u9v) and bending stresses (ax,<jy,rxy) are an-
tisymmetric in z and the normal deflection w and transverse
shear stresses (rxz9ryz) are symmetric in z. We treat the prob-
lem within the classical small deformation theory of three-
dimensional elasticity.

In the iterative scheme envisaged here, Kirchhoff's as-
sumed state of strains is expressed as

Let ez
n , y£\ and

-,(0)_n -.(())_ ft f ] \
Jxz ~ u> iyz ~u v1/

1 be the transverse normal and shear
strains at the ith stage of iteration. By substituting in strain-
displacement relations,

dw du dwyxz=-^i-+ dv dw
dx ' dz dy

integrating with respect to z and using the assumed sym-
metries in the problem, one obtains the displacments in the
form

dz (2)

(3)

and a similar expression for y ( / ) .


